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Abstract 

The hybrid NLIE of AdSs x S 5 is applied to a wider class of states. We find that the Konishi 
state of the orbifold AdS 5 x S 5 /Z s satisfies A 1 NLIE with the source terms which are derived 
from contour deformation trick. Conversely, we show that for general states the analyticity of 
Q-functions are constrained by demanding that the contour deformation trick yields the correct 
source terms. 
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1 Introduction and Summary 



The primary example of AdS / CFT correspondence is the one between four-dimensional M = 4 
super Yang-Mills and AdSs x S 5 string theory Q . The spectrum of string states on AdSs x S 5 
can be computed by the mirror Thermodynamic Bethe Ansatz (TBA) equations [0, |3|, |J based 
on string hypothesis in the mirror model |5|, ||; or equivalently the extended Y-system on 
psu(2, 2|4)-hook |7|, |], [|. It is believed that these methods give the exact answer, because they 
capture all finite-size corrections JT^, IT|. 

The numerical study of the mirror TBA has made progress O, O, O, [lj|. However, it 



suffers from the problem of critical coupling constants \W . The analyticity of the unknown 
variables called Y-functions changes around certain values of 't Hooft coupling constant, and 
the explicit form of the TBA equations changes there discontinuously. As a result, it is difficult 
to solve the equation with high precision around the critical values, and to judge if the exact 
energy is a smooth function around the critical points. 

The author has recently applied the method of hybrid nonlinear integral equations (hybrid 
NLIE) |T7| to the mirror TBA for AdSs x S 5 ]TB|| . This method replaces the horizontal part of 
the mirror TBA equations by Ai NLIE.Q The hybrid NLIE consists of a smaller set of unknown 
variables than the mirror TBA, and we expect that it suffers less often from the problem of 
critical coupling constants. We exemplify our expectation in a way similar to [|nj . 

For this purpose the mirror TBA for the twisted AdSs x S 5 offers a desired playground, 
because all Y-functions have intricate analytic properties, depending on the twist angle a and 
't Hooft coupling constant g = y^. In fact, the mirror TBA for Ym\ w in the untwisted model do 
not have critical coupling constants asymptotically.0 The orbifold Konishi state is the simplest 
nontrivial example that exhibits critical behavior in the mirror TBA for Ym\w For this state, 
we find that the hybrid NLIE also exhibits critical behavior, that is, its source terms change 
discontinuously across certain values of coupling constant. 

The orbifold Konishi state is a two-particle state in the st(2) sector of AdSs x S 5 /Zg, where 
the Z 5 acts on su(2) 2 C [su(2|2) 2 fisu(4)]. This is also a special state in the twisted AdS 5 x S 5 , 
/3- or 7-deformed AdSs x S 5 models. The orbifold and 7-deformed models are another important 
example of AdS/CFT correspondence, realized in gauge theory [^4], ^7], |||, |9|, |3(| and 

in string theory |31j, |32|, [33], [34], |35[ . Finite-size corrections of deformed theories have been 
studied in gauge theory [[36], |37|, in string theory P9fl , by Liischer formula |40], [22], [4_3], 
16l I47L and by the mirror TBA or Y-system pL M, M, El. It is not clear if the 



corresponding sigma model on twisted AdSs x S possesses integrability (see j53| for review 



1 This equation is called Kliimper-Batchelor-Pearce or Destri-de Vega equation in the literature |19l EG, pll 



23 . We call it Ai NLIE, since it can be derived from Ai TQ-relations and analyticity conditions as shown 



2 We checked this claim for several four particle states. 
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though integrable twists exist mathematically. 

Next, we notice that such discontinuous change of the NLIE can be explained by the contour 
deformation trick. The contour deformation is an idea that the TBA for excited states follows 



from the TBA for the ground state by analytic continuation of coupling constant fl54| [55]]. In 
practice, however, it is hard to keep track of analytic continuation of coupling constant. It is 
much easier to study the equations whose integration contour is deformed. This idea is called 
contour deformation trick. The contour deformation trick is a guideline to study various states 
in the mirror TBA |T3 including boundstates |p6 . The Ai NLIE with source terms has been 



studied in various examples []57|> |58], |59], [Kj, q2| p3| , and the contour deformation trick was 
used in |6^| . 

With successful examples of the contour deformation in mind, we ask what the most gen- 
eral possible source terms are, and if they are obtained by the contour deformation trick. In 
principle, Ai NLIE can be derived even when the Q-functions are meromorphic, rather than 
analytic, in the upper or lower half plane. Then the isolated singularities of Q-functions provide 
extra source terms to Ai NLIE. It is a nontrivial question whether such source terms can be ex- 
plained by the contour deformation trick, particularly with the same contour as in the orbifold 
Konishi state. Indeed, mismatch is found between the two results, and we interpret this as the 
constraints on the analyticity of Q-functions: The contour deformation trick with the orbifold 
Konishi 's contour yields the correct source terms of A\ NLIE, if and only if there exists a gauge 
such that Q(v),L(v + y) are analytic and nonzero in the upper half plane, Q(v),L(v — y) are 
analytic and nonzero in the lower half plane. The details of this statement is explained in 
Section 3. 

The contour deformation trick illustrates the difference between hybrid NLIE and FiNLIE 
[ |67j| . In the latter the integrals run over the gap discontinuity of dynamical variables, which is 
not something to be deformed. In contrast, hybrid NLIE is written in terms of gauge- invariant 
(but frame-dependent) variables,^ allowing us to handle the equations similar to that of the 
mirror TBA.Q 

This paper is organized as follows. In Section 2, we study the orbifold Konishi state from 
the mirror TBA and hybrid NLIE, and clarify the critical behavior in the asymptotic limit. In 
Section 3, we discuss the source terms of hybrid NLIE in view of contour deformation trick. 
Section 4 is for conclusion. In appendices, we introduce our notation, derive the asymptotic 
transfer matrix in the form of Wronskian, and the results in Section 3. 



3 See the discussion at the end of Appendix || for the frame dependence. 

4 Regarding the analyticity of Q-functions, a similar but different statement has also been proven in 
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2 TBA and NLIE for twisted AdS 5 x S 5 



We study the critical behavior of hybrid NLIE for the orbifold Konishi state as a specific 
example. We briefly review the mirror TBA in twisted AdSs x S 5 and their critical behavior. 

2.1 Orbifold Konishi state 

The orbifold Konishi state can be defined in two equivalent ways. 

The first is to consider the sl(2) Konishi descendant on the orbifold AdSs x S 5 /Zs, where the 
Z$ action is chosen as follows (see |49|). We decompose the transverse 8+8 fields of AdS 5 x S 5 
into (2|2) (g) (2 1 2) representation of su(2|2)i x su(2\2) R , as 

($ 7 , D^Z , * , W) <->• (Y bh , Y p$ , Y b$ , Y pb ) = (y b y b , Vfi f] $ , y b V$ , ^ y b ), (2.1) 

where b, b — 1,2 refer to the S 5 part, and (3,$ = 3,4 refer to the AdS 5 part of su(2|2) 2 . The 
boundary conditions of y b are twisted by Zs as 

o e -*JLf„ = ol ' ttl = ~ KeZ) - (2 ' 2) 




Similarly, the boundary conditions of y b are twisted by an = . The orbifold action ( |2.2| ) 
affects only the auxiliary part of the asymptotic Bethe Ansatz equations. Thus, if we set the 
total momentum to zero as in the ordinary Konishi state, the asymptotic Bethe roots remain 
unchanged before and after orbifolding. This is called orbifold Konishi state. 

The second is to introduce integrable twisted boundary conditions to the transfer matrix of 
AdSs x S 5 . To preserve the integrability, the twist operator must commute with the S-matrix. 
When the twist operator belongs to [su(2|2) 2 Hsu(4)] and the twist angle is equal to a multiple 
of 2ir/S, Konishi state of the twisted AdS 5 x S 5 is equivalent to the orbifold Konishi state. 

The second point of view is useful to construct the twisted transfer matrix, as defined by 

Tq i = str [g § i §02 • • ■ , 9o = diag (e +iaL , e"^ , 1, l) . (2.3) 

and similarly for Tq V The §o« is the S-matrix between the mirror particle and the z-th particle 
in string theory. We can diagonalize ( |2.3j ) by algebraic Bethe Ansatz p8]| . In practice, it is 



easier to twist the generating function for the eigenvalues of transfer matrices |69|, |9|, Later 
we will need the transfer matrices in the form of Wronskian. This construction will be discussed 
in Appendix [FJ. In what follows we set ai = «i? = ot for simplicity. 

The twisted mirror TBA is obtained as follows. The twist angle a in string theory corre- 
sponds to the insertion of defect operator in mirror theory |46 |. In particular, the same mirror 



string hypothesis is used both twisted and untwisted models. In the case of orbifold, the defect 
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operator can be identified as an extra chemical potential, and it changes the \v | — >■ oo asymp- 
totics of Y-functions [5D|. The mirror TBA equations for twisted AdSs x S 5 are solved by the 



twisted transfer matrices in the asymptotic limit [49 



2.2 TBA and NLIE in horizontal strips 

We compare mirror TBA and hybrid NLIE in the horizontal part of the psu(2, 2|4)-hook for the 
twisted AdSs x S 5 . We will consider only the states which are invariant under the interchange 
s ->■ -s of the psu(2, 2|4)-hook. 

The simplified TBA equation for Y\\ w and Ym\w (M > 2) can be written as 

logYii,,, = -Vi\ w + log(l + Y 2 \ w ) * s K + log - j- -ks K , (2.4) 

Y+ 

log Y M \ W = -V M \ W + log(l + Y M+l \ w ) -ks K + log(l + Ijif-iju,) * s K , (2.5) 

where Vm\ w is the source term, which depends on the state and the values of (a, g) under 
consideration. In the hybrid NLIE, the 1 + Ym+i\ w on the right hand side is replaced by 

1 + Y 2]w = (1 + a^ ] ) (1 + a^ ] ), 1 + Y M+llw = log(l + a^J) (1 + o^ 1 ). (2.6) 

The pair of parameters {a^ , a^} (s > 3) are determined by A\ NLIE, 

log < = -r s + io g (i + o *K f - io g (i + r s ) * k [ ; 2 ~ h + io g (i + n- a i«) * 4r ] , (2.7) 

log a: = -7: + log(l + r s ) *K f - log(l + or) * ir}- 2+271 + log(l + r s _ 2h ) * s [ p ] , (2.8) 

where 1/ is I or II, and 7 (0 < 7 < 1) is a regularization parameter. We leave s G Z> 3 unspecified, 
though one can substitute s = 3 at any time. 

The case of v = I is simpler than v = II, because the source terms {J3, j\} vanishes in the 
Konishi state of the untwisted AdS 5 x S 5 model, at least asymptotically. Below we consider 
the case a], ,a l s only, and omit v = 1.0 

Critical lines and analyticity. The source terms in TBA or NLIE change discontinuously as 
we vary the parameters (oe,g). We divide the (a, g) plane into subregions according to different 
from of the source terms. The boundary of subregions is called critical lines. We denote the 
critical lines by a = ata(g) or g = ga(oi). 

5 Since the variables {a^ , a^} depend on the choice of frame for Wronskian Q-functions, it makes little sense 
to consider the equations for general v. See the discussion at the end of Appendix [b|. 
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The critical lines are different for different integral equations of TBA or NLIE. So the phase 
space of a given state in the twisted AdSs x S 5 is divided into infinitely many tiny regions as 

^ } («) = { |J for TBA, (2.9) 

(a,s)eT-hook 

= { (J 9g(a)[Ya,s]} U {g^(oc)[a 3 , a 3 ]} for hybrid NLIE. (2.10) 

(a,|s|<2)6T-hook 

The critical lines, or discontinuous changes of source terms, come from the change of the 
analyticity of unknown variables in a given integral equation. This statement holds true for 
both simplified TBA and NLIE. The TBA for the orbifold Konishi has already been studied in 
detail pD| , so we will make this statement more precise for the NLIE. 

2.3 Source terms of A x NLIE 

We determine the source terms in A\ NLIE (J s , J s ), by taking examples of the twisted ground 
state and orbifold Konishi state. 



Source term of twisted ground state. The ground state of the twisted AdSs x S 5 satisfies 
the mirror TBA with Vm\w — [ 50| . It also satisfies the hybrid NLIE with the chemical 
potential 

J s = —ia, J s = +ia. (2-11) 

This result follows immediately from the asymptotic solution discussed in Appendix [B]. Even 
for excited states, each term in the Ai NLIE approaches its ground state value in the limit 
v — > ±oo, just like TBA. Furthermore, the orbifold Konishi state satisfies the same equation at 
small a^O and small g. For general (a, g) we should add logarithms of S-matrix to the source 
term. 



Main strip of hybrid NLIE. Before studying source terms at general {ce,g), let us discuss 
the main strip of the mirror TBA or the hybrid NLIE. The main strip is defined by the region 
of complex plane in which the respective equation remains valid without modification. It is 
helpful to identify the main strip in advance, because the critical lines are often related to the 
movement of extra zeroes going in or out of this strip. 

The main strip of the simplified TBA for Y M \ W (|2.4|), ( |2.5| ) is A-i y \ , because we encounter 
the singularity of sk along the boundary of ^4.-1,1 . Analytic continuation of the simplified TBA 
beyond A-i^i requires us to add an extra term ~ log(l + for some Y. 

The main strip for the hybrid NLIE is smaller than that of the simplified TBA. Consider 
the holomorphic part of A\ NLIE (|2.7| ), which contains the kernels Kf ,Kt 2 2 ^ , s^ 7 ' . Since 
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these kernels are singular at Kf(±2i/g) and SK(±i/g), the main strip of ( |2.7|) is 

Imvel —,+— J (0<7<1). (2.12) 

The main strip of the anti-holomorphic part of A\ NLIE ( |2.8| ) is the complex conjugate of the 
above result. 

Source terms of orbifold Konishi. We describe the source terms of hybrid NLIE for 
(a s ,a s ) describing the asymptotic orbifold Konishi state at general (a,g). One can check all 
these results explicitly by using the formulae in Appendix |B|. 

The holomorphic part of A\ NLIE (|2.7|) consists of the dynamical variables 



[s+1] Ti i Q{ s ~ 1] 



_[l_ fl ] L [ s +l] ' s — [1-s] L [s+l] ' 

1 i T ^ 1> S 1 i \/~ 1,S— 1 1,8— 1 / -, 

1 + b - = T^T =J=^=iT « 1 + ^-21^ = 7^ = • (2.13) 



Q[s-l] j-[-s-l) ' 1 T^^Tc 



0,s-l 

The variables a s , a s and b s , b s are related by 

a s (v) = b s (v - ^ , a a (v) = b s f v + ^ , (0< 7 <1). (2.14) 

As long as the asymptotic orbifold Konishi state is concerned, neither Q- nor L-functions 
have singularities around the real axis, and all critical behaviors come from the extra zeroes of 
T-functions, Ti )S _i and Ti iS , inside the main strip fl2.12p . Since the location of extra zeroes is 



determined by the values of (a, g), the critical lines a cr (g) are defined by 

T lt8 -i (-^j = or T ljS J = at a = ««(<?)• (2.15) 

The solution to the equations 2i ) q(— |) = also defines the critical lines of the mirror TBA 



for the twisted AdS 5 x S 5 , and their asymptotic solutions have been studied in []50| . The first 
equation of (|2.15|) has s — 1 solutions and the second has s solutions for < g < l.Q We denote 
them by a s _i )i ((y'), a Sii (g,7) with the ordering 

7T 27T (s — 2)7T 

< a s - 1A (g) < < a s _i 2 (#) < < • • • < — < a s -.i tS ^i_(g) < vr, 

s — 1 s — 1 s — 1 

< a s ,i(#, 7) < - < a«,2(0, 7) < — <••• < — — — < as,,(g, 7) < ?r- (2-16) 
s s s 
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III critical behaviors in 15 



The equation Ti ) q(— j) = has more asymptotic solutions for > 1, which are called Type II and Type 
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It is instructive to keep track of the zeroes of T^q in detail, as they behave in an interesting 
way when a is around ^ for n G Z, 1 < n < Q — 1. If a is slightly less than 2? , T^q has 
no zeroes around the real axis. Let us increase a. When a reaches ^ , then T^q acquires a 
pair of real zeroes at ±oo. The pair of zeroes run toward the origin along the real axis as a 
increases, and collide at the origin. After the collision, they run along the imaginary axis in the 
opposite directions towards ±zoo. They cross ±^ at a = at£) ■ There are exceptions at a = 0, 7T. 
In the limit a — > 0, a pair of zeroes of T^q run to ±oo along the real axis. Nothing happens 
around a = n. As for a G (it, 2tt) the movement of zeroes is symmetric with respect to the flip 
a — > it — a. 

Let us define the interval 

Is-i(g) = [J (^ZT^ , «*-i,»(<7)) , 1.(9, 7) = (J , <*.,„(</, 7 )) • (2.17) 

n=l ^ ' n=l ^ ' 

Whenever a crosses the boundary of the interval I s -i(g) U /^(g^), the source terms of hybrid 
NLIE (J S ,J S ) change discontinuously.Q The (J S ,J S ) at fixed (a,g) are given explicitly as 
follows. Start from the source terms for the grounds state ( |2.11| ). If a G I s -i(g), add (js ,3b) 
to (J S ,J S )] and then if a G I s {g,j), add (jc ,3c) to ( J s,J s ), where 3b~3b,3c,1c are defined 
by 

j B (v) = 1^ 3 j (v - b, + ^y^) , 3b(v) = ~ E lo S 5 / ( w " 6 i - ^7^) ' (2 - 18) 

jc(v) = J2\ogs(v- c, + , JcOO = - E lo S 5 ( w - c i - ' ( 2 ' 19 ) 

where bj , Cj are defined as the zeroes of dynamical variables: 

1 + a s (bj - ' (1 ~ 7 ^ = 1 + a s [bj + ' (1 ~ 7 ^ = 0, b 3 G A-i-Hr,^ , (2.20) 

1 + n-2|« U - = 0, Cj G A-1,1 . (2.21) 

One can derive the critical lines of ( |2.15| ) from these results, by recalling that (1 + a s ), (1 + a s ) 
are related to T^ s , and 1 + Y s _ 2 \w is related to Ti jS _i . It will turn out in Section || that each 
term of (|2.18|) , Q2.19|) can be explained by the contour deformation trick of the NLIE (27?), 
where the deformed contour runs through the lower half plane. 

One remark is needed to evaluate the integrals in TBA and NLIE correctly in a numerical 
way. Consider the convolutions log(l + o s ) * Kf — log(l + a s ) * k\^ 2 ~ 2 ^ in ( p77[) . If (1 + o s ) 



7 Recall that s = 3 is the minimum choice of hybrid NLIE. In contrast, the phase space (a,g) of the mirror 
TBA for orbifold Konishi state is classified partially by U^ 1 I s (g), which consists of infinitely many segments 
of the width ~ - for each s. 
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crosses the branch cut of logarithm running the negative real axis, then the integrand changes 
discontinuously. Suppose there exists % e K such that 



Im [1 + a s (v d )} = with Re [1 + a s (v d )} < 0. 



(2.22) 



Then we need to integrate log(— 1) = ±ni over (v d , oo) or (— oo, v d ), which provides extra source 
terms. As for asymptotic Konishi state, whenever (1 + a s ) crosses the branch cut of logarithm, 
then (1 + a s ) crosses the branch cut at the same point. Thus we get 



A J s = - log 
AJ S = + log 



Sf(v - v d )Sf[v -v d + 



Sf(v - v d )Sf[v- v d - 



2* (1-7) 



2i (1 - 7 ) 



27ri, 



+ 2-ni. 



(2.23) 
(2.24) 



The discontinuity of logarithm can in principle happen for the integral with log(l + Y s _ 2 \i 



3 Contour deformation trick for TBA and NLIE 

In the last section we studied the ground and orbifold Konishi states in the twisted AdSs x S 5 , 
in which the hybrid NLIE acquires source terms. In this section, we turn our attention to the 
structure of the source term for general states. It is known that the origin of the source term 
in the simplified TBA for general states can be explained by both integration of Y-system and 
contour deformation trick. This is no longer trivial in hybrid NLIE, as we shall see below. 



3.1 General source terms in the simplified TBA 

Take the simplified TBA for Y\\ w as an example, and the following discussion applies to other 
simplified TBA equations as long as the Y-system exists at that node. We will derive the source 
terms by integration of Y-system and contour deformation trick. 

The explanation by integration of Y-system goes as follows.^ Consider the logarithmic 
derivative of Y-system for Yi\ w 

dlf(v) = ^\ogf(v). (3.1) 

Suppose Yi\ w (v) has a set of single zeroes rj inside the strip .4.-1,1 • If we take the convolution 
of ( |3.1| ) with sk , the left hand side becomes 

jf dt -| log [Y 1]w (r )Y llw (t + )} s K (y -t)= dlY llw (v) + 2m Y^ s k[v- r j - £j . (3.2) 
8 This explanation is also called TBA lemma in the literature. 



dl 



Y 



l\w 



Y + 

I l\w 



dl 



(1 + Y 2]w ) 









t 








y+J. 
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If we integrate both sides with respect to v, we obtain the simplified TBA equation ( |2.4|) withP] 

Vi\ w = vi\ w - ^logS* (v - Tj - - J , (3.3) 

where v\\ w is an integration constant fixed by the behavior v —> ±00, where all Y-functions 
approach the ground state value. 

The explanation by contour deformation trick goes as follows. We start from the simplified 
TBA equation fl2.4|) for the ground state, V^ w = v^ w . To obtain the TBA equation for excited 
states, we regard the contour of integration in the right hand side of fl2.4J) as running somewhere 
far below in the complex plane. When we pull the deformed contour back to the real axis, we 
obtain additional terms by picking up the residues. 

Let {p n } be a set of roots Yi\ w (p n ) = 0, where p n G An-i, n for n > 1 and p n G A n ^ n+ i for 
n < —l.Q From the Y-system ( |3.1| ) it follows that 

1 I 

1 + Y2\w(pn) = or 1 - - =0 or 1 - = 00 ' nGZ ^' ( 3 - 4 ) 

When we straighten the deformed contours of ( j2.4|) running through the lower half plane, the 
source term V\\ w becomes 

Vi\w = vi\ w + log S (y - pY) + log S(v- pZi) ■ (3.5) 

where the contributions from p_ n (n > 2) vanish owing to S~ S + = 1. This result agrees 
perfectly with (|3.3|). 

In short, there is no constraint on T- or Y-functions from the mirror TBA. 

3.2 General source terms in A\ NLIE 
3.2.1 Fourier transform method 

The A\ NLIE was derived from the assumptions that Q^ s ~ 2 \ L' +s ' are analytic in the upper 

[2—s] [— s] 

half plane, and Q , L are analytic in the lower half plane |Tj| . This derivation can be 
generalized to the case where dynamical variables have zeroes or poles in the complex plane:0 

Ti, s (t s>n ) = T M (V„) = Q(q n ) = Q{q n ) = L(Q = L{t n ) = 0, 

{ts,n j Qn j ^n} G An—l,n j {^s,-n j Q n ? ^ n,— n+l 5 ^ !)• (^-6) 

J Note that log t^—t—* s k — log r- *s K owing to Y-(v — iO) = Y + (v + i0) for v G (—00, —2) U (+2, +00). 

10 There can be multiple roots as well as poles inside the same strip of the complex plane. It is straightforward 
to generalize the whole argument for such cases. 

n The Fourier transform of logarithmic derivative diverges if these functions have zeroes on the line g Im »6Z. 
We should regularize this by shifting the zeroes slightly upward or downward. 
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In general, these functions can have multiple zeroes or poles in the complex plane. The gen- 
eralization for such case is straightforward; if they have poles, the logarithmic derivative have 
the residue with the opposite sign. For simplicity we do not discuss poles. 

The whole derivation is discussed in Appendix |C.1| . Eventually we obtain the derivative of 
the source terms J s appearing in the hybrid NLIE (|2.7|) as 



J a J a 



T 



Ji 



Q 



where 



2ni 

A 

2iri 
2ni 
2iri 
2m 



-K f (v - t sl ) - K f (v - t x ) - s K (v - t s _ ltl ) - s K {v - t a _ x x ), 



(3.7) 



{3A 



n=l 

oo 



- E { K f<? - + s K (v - - s(v - £ [ r + r 1] ), 



(3.9) 



n=l 



71=1 
OO 



(3.10) 



71=1 



3.2.2 Contour deformation trick in A\ NLIE 



We start from the A\ NLIE for the ground state with constant source terms (J s , J s ) = (j s ,j s ). 
Then we apply the contour deformation trick to obtain extra source terms. We use the deformed 
contour as that of the orbifold Konishi state, depicted in Figure |l|. For the NLIE of a s , it runs 
slightly above the line Im-y = (— s + 1 + j)/g, and run down along the imaginary axis. Note 
that the integrands have branch cut discontinuity along the line Imv = (1 — s + j)/g. 

Again we throw the details of computation in Appendix |C.2| . After straightening the contour 
we obtain the following result: 



J S CDT = j s - log [Sf( V - f-J Sf(v - t-_,)} - log [S(V - A" u ) S(V - 



-log 



n s f (v - 

j=s+2 



2s-2 



n s < 



v — 



3=8+1 



+ log 



8+1 



v — 



J=3 



J'=3 



s-1 2s-2 

- log J] Sx(v - q [ r s] ) + log H Sx(v - q [ ;- 2] ). (3.11) 

3=1 



3=s 
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Figure 1: The deformed contour used in the NLIE for b s for the orbifold Konishi state. (Left) 
the contour in z-torus, where the vertical and horizontal axes are normalized by the period of 
the rapidity torus with moduli k = —4g 2 /Q 2 , with Q = s — 1 for (1 + b s ), (1 + b s ) and Q = s — 2 
for (1 + Y s _2\w)- The real line in z-torus corresponds to the real axis of the mirror f-plane, and 
the line Imz = — 1 corresponds to the real axis of the string v -plane. We assumed that there 
are no singularities like Bethe roots along the string real axis. (Right) the contour in f-plane, 
where the orange region corresponds to the region surrounded by the deformed contour and 
the mirror real axis. 



3.2.3 Comparison 

Let us compare the Fourier transform of the derivative of the source terms ( |C.19| ) (Fourier 
source terms), with the source terms predicted by the contour deformation trick ( |3.11| ) (CDT 



source terms). We can make a similar argument for the NLIE of b s . Since this is complex 
conjugate to b s , we just have to impose the complex-conjugate constraints in addition. 

It turns out that there are mismatches in two results. Let us have a closer look for each of 
the T, L, Q-functions. 

T-functions. The Fourier source terms ( |3.8|) agree with the first line of the CDT source terms 

(Q. 



This agreement forbids further ad hoc modification to the path of the deformed contour of 
the NLIE for b s . If part of the deformed contour collects the residues of T-functions in the 
upper half plane, it spoils the above nice agreement and contradicts with the lessons from the 
orbifold Konishi. 
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L-functions. The Fourier source terms (|3.9| ) partially agree with the second line of the CDT 
source terms ( |3.11| ). 



The terms with {£ m } agree with each other if £ m >2s-i he along the imaginary axis in the 
lower half plane, so that all of them are picked up by the deformed contour. 

The terms with {£ m } do not agree, because they have the opposite signs. Moreover, the 
roots {£ m } in (3.9) lie in the upper half plane, while those in ( [3.11|) lie in the lower half plane.0 



Q-functions. The Fourier source terms ( |3.10| ) partially agree with the third line of the CDT 



source terms (|3.11|) 



If the deformed contour pick up all {q m }, then the terms with {q m } perfectly agree with 
each other. 

The terms with {q m } disagree. The roots {?s4.„_i} (n > 2) in ( |3. 10|) lie in the upper half 
plane, while those in ( ft.ll ) lie in the lower half plane. The corresponding source terms have 



the opposite signs.0 One exception is q s s ' in the Fourier source term G3.10|) . It lies in the 
lower half plane, but this term is not present in the CDT source term fl3.11| ). 

The mismatch of the source terms can be explained by different analyticity conditions used 
in two methods, as summarized in Table |l| In particular, the extra zeroes of Q(v) at v € Ao, s -2 
and those of L(v) at v 6 A2, s modify only the CDT source terms. 



FT Q^ s 2 1 , are meromorphic in the upper half plane. 
CDT Q , L' +2 1 are meromorphic in the upper half plane. 

Table 1: Analyticity conditions used in the Fourier transformation method and the contour 
deformation trick. The complex conjugate conditions for Q, L are also used. We make no 

r 2j 

assumptions about Q , L' +2 1 in the lower half plane, Q , L in the upper half plane. 



Here is a summary of the results. Concerning the source terms in the A± NLIE for b s , we find 
agreement for the extra terms from T, L, Q, disagreements for those from L, Q. Therefore, if we 
demand that the CDT source terms agree with the Fourier source terms, then lM~ 2 \Q should 
not have any zeroes or poles in the upper half plane. We can make similar arguments for the 
NLIE for b s . Since this is complex conjugate to the NLIE for b s , we find the complex-conjugate 
constraints: i} 2 \q should be analytic and nonzero in the lower half plane. 

Strictly speaking, the T, L, Q-functions may have singularities which can be simultaneously 
removed by gauge transformation. We forbid such gauge artifacts, and assume that the roots 

12 We may neglect the delta function 6(v — ^t* ), because it just changes integration constant after inte- 
gration. 

13 We neglect the delta function as before. 
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{t s ,n , 4i jQn J-n ><? n } are independent. In other words, the contour deformation trick works 
fine as long as one can choose a gauge such that all zeroes or poles can be associated to the 
T-functions rather than the L- and Q-functions. 

It is actually possible to rescue the disagreement of source terms by using the most com- 
plicated deformed contour, which yields weaker constraints. This contour has to pick up the 

r 2J 

residues only from L\ +2 \Q in the upper half plane, and the residues only from T, L , Q in 
the lower half plane. We should not collect any source terms from T, L 2 , Q in the upper half 
plane, nor from L\ +2 \ Q in the lower half plane, because it spoils the nice agreement as shown 
above. This prescription works as long as the zeroes of poles of T, {L [+2 \Q}, {L l \ Q} do not 
collide for any value of the coupling constant. If the singularities are found in the same position, 
one cannot separate one residue from others. Such situations are forbidden if we demand the 
validity of contour deformation trick. 



4 Conclusion 



In this paper we generalized the hybrid NLIE of |18| and applied it to a wider class of states. 

First, we studied the ground and the orbifold Konishi states of twisted AdSs x S 5 . In the 
mirror TBA, the orbifold Konishi states have infinitely many asymptotic critical lines from 
Ym\ w nodes. In the hybrid NLIE, the number of critical lines is indeed reduced to a finite 
number .0 The quantization condition for the extra zeroes is written in terms of NLIE variables 
(a s , a s , Yi >s _i). 

Second, we derived the source terms of hybrid NLIE for general states in two ways, Fourier 
transform method and contour deformation trick. By demanding that the contour deformation 
trick gives the correct answer, we obtained constraints on the analyticity of Q-functions. 

It is interesting to generalize the gauge-invariant NLIE to A n cases. The SU(N) principal 
chiral models contain boundstate spectrum for N > 3, and its NLIE has been studied in |7l| . 
We should be able to reproduce their results by A2 NLIE and contour deformation trick. 

While this paper is in preparation, hybrid NLIE of AdSs x S 5 made out of Ai and A 3 NLIE 
coupled to the quasi-local formulation of the mirror TBA [7^] has appeared in Jn| . We expect 



that the contour deformation trick will also work to obtain this new NLIE for excited states. 
Acknowledgements 

The author acknowledges Gleb Arutyunov and Stijn van Tongeren for discussions. This work is 
support by the Netherlands Organization for Scientific Research (NWO) under the VICI grant 
680-47-602. 



14 As long as the st(2) sector is concerned, this conclusion is expected because the exact truncation method 
of |70(| can be applied without modification. 
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A Notation 



We follow the notation of [1TBI II? 



x s [v) 



1+4 1- 



^±)(«)=n 

3=1 



K / \ ± 

x(v) — X 



— (v — zV A — v 2 j . 

%)(«)= n 



(A.l) 



3=1 



together with /[ ±m ] = /(t> ± is) and /(f ) =t = )' ±x '. The complex rapidity plane are divided 
into the strips, 



U G C 



We use the following kernels and S-matrices: 



Imt> G 

S( V )- 

Sq(v) ■ 



m n 
9 ' 9 



(A.2) 



r7T 



■t*Dh[-(vg - i)] 

iQ 



U+f 



K f (v) 



J_d_ 

27ri dv 



log S f (v), S f (v) 



J ■ (v + f )) r (-f ) 



(A.3) 



(A.4) 



One can check the properties S + S = 1 and S, S^ = K\ . 
The convolutions are defined by 



F*K(v) 



dtF(t)K(v-t), F*K(v)= dtF(t)K(v -t). (A.5) 



-2 



The logarithmic derivative and its Fourier transform are defined by 



d 

dlX(v) = —\ogX(v), dlXik) 
dv 



+oo a 

dv e ikv —\ogX{v). 



(A.6) 



We also use D k = e k ^ 9 and sk = l/(-Dfc + D k 1 ). It is useful to keep in mind that the operator 
D k shifts the location of zeroes, 



D n e ikq = e ik(q- 



(A.7) 



Another useful formulae are^ 



FT 



FT' 



-i 



9{+k)Dt n 



D h — D 



Dk + D- 1 



k g*^? 



,D k — D 



-i 



6(-k)D7 n — — e ikq 
. 1 J k D k + D^ 



-K f (v-q^)-s k (v-q^% 
+K f {v-q^) + s k {v-q^). 



(A.8) 



15 The symbol FT 1 means the inverse Fourier transform, J 00 |— 



+ °o dk_ e -ikv 
oo 2ir 
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The q-number is defined by 



q — q~ 
q-q- 



q = e" 



(A.9) 



B Twisted asymptotic data 

Below we summarize the data to solve the mirror TBA and hybrid NLIE for twisted AdSs x S 5 
in the asymptotic limit. In particular, we need the twisted transfer matrices written in the 
form of Wronskian to solve the hybrid NLIE asymptotically. 

The twisted transfer matrices of su(2|2) symmetry can be constructed by the generating 



functional called quantum characteristic function p9" , [48f . In particular, the quantum charac- 
teristic function D generates T\ s through 



A) = (1 - UqT&o) (1 - UoTzUoY 1 (1 - UoTzUo)- 1 (1 - U T A U ) 

oo 



(B.l) 



s=0 



where Uq is the shift operator acting on the mirror rapidity, 

U'f(v)U-' = f{y + -)=fl- 



(B.2) 



The T n are the components of the fundamental transfer matrix, Ti i = T\ — T2 — T3 + T4 , and 
they can be written as 



K 



with 



ZA — V — - 1 — 



Vj x o / ^0 



j=1 Vj x o 



To 




n 



x x i / x i 



i=l X ° X i 




(B.3) 



j=1 Vj- v + 9 i=1 



K IU 2i 

w k —v — — 

-la I I 9 




if 11 i K m 



n 



n 



1 i/,- - v + - w k -v 
j=l ■> g k=i 



n 

fc=i 



w k -v 



n 



i=1 x x i V i 




(B.4) 



where we used xq — x(v), Xi = x s (ui), Uj = yj + 1/yj , and introduced the twist byQ 



To^e ia T 2 



(B.5) 



16 We introduce S'o since the transfer matrix is denned modulo overall scalar factor. 
17 We rearranged the index n = 1, 2, 3, 4 from the one used in Section 2.1. 
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By expanding ( B.l|) , we obtain 

n,s = n (-^ s ^ i+2mi ) ■ 



Ps+1- J l Ps ~ Ps J 4 + J 1 Ps-lJ-A 



m=l 

5-1 



s-2 / k 



s-1 



Ps 



jj f [_ s+2m] + ^ j-j ~[_ s+2m] f [_ s+2n] + JTf [ 



-s+2n] 



(s>2). 



m=l fc=l \m=l n=k+l 

together with S pi = 1, p = 0. Note that 



n=l 



x 11 



n( _^_ 1+2m|) = n ^_ 

m=l j=l i/j x 



\ 



n 



ft 



[-s+2m] ' 
(+) 



m=l 



ft 



[s+2m] 
(-) 



(B.6) 
(B.7) 



(B.8) 



The transfer matrices T\ )S ( B.6|) can be expressed as the Wronskian of Q-functions in the 
following way. Let us rewrite p s >\ as 

■fs-ll S-1 TT TT+ TT+ 



Ps 



U. 



[1-s] 



Q 



'2 k=0 

and "differencize" the summation 



U2 



To 



u; 



(B.9) 



s-1 



M+ — M~ = q M\+ s] - M [ - s] = g hs+1+2k] 



U. 



>-i] 



fc=0 



U. 



[Is] 



(MM - M^ s] ) . (B.10) 



After a little algebra, ( |B.6| ) becomes 



rv=n(-sr'- i+2mi )-S Ti - 1 



det 



m=l 



where 
Q[+ S l = 

Q M = 

pl+s] = 



rp[l-s] rp[l-s] 

1 l 1 2 



Kl [+*] 

TT ^0 l-H ( 



'Q[+s] p[+s 

Q [s] P hs 



(B.11) 



i=l ^0 



[+"] 




K m Us+l) 
V__ Wh — v — - — - 
vx TT 9 



n 



n 



Uj-V 



i(s-2) 



Va — V + — 

J = l 9 



1 

n r 

i=l 



1 



1 




K 



i(s+l) 



11 , i(s-l) 



+ f? [ +S ]^-l]_ Q [+,] M i +S+ l] ! 

It follows that 

Q[+ S ] Q[ S -2] 
p[+s] p[a-2] 

p-s+2] p[- S ] 



(B.12) 



U +SJ = det 



det 



T, 



5-1] 



^-3] Q[+S ] _^[ S -l] Q[s -2] 



mils] 
1 3 



(B.13) 
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A few remarks are in order. First, since our twist (P-5| ) affects Ti. s only through p s , the 
results ( |B.12p should formally agree with J75J modulo gauge transformation. Second, if wants 



to solve a couple of difference equations (|B.9|) explicitly for specific states, it is important to 
choose a good gauge for T-functions. Third, for the purpose of getting the asymptotic solution 
of the hybrid NLIE, we do not have to compute the second set of Q-functions (P, P). Once 
we know Ti )S , Q, Q, we obtain L, L by the A\ TQ-relations, and they provide sufficient data to 
construct the gauge-invariant variables (b s ,b s ). Fourth, as will be discussed in ( |B.22|) , there 
exists a gauge transformation of T-system which brings the first (or second) set of Q-functions 
to unity. 

In the main text, we argued that there should always exist a gauge such that Q^- l \l} +s ^ 

— [l-s] — [— s] 

are analytic and nonzero in the upper half plane, and Q , L are analytic and nonzero in 
the lower half plane. It is easy to check that (Q, Q) in ( |B.12| ) satisfy this condition for the 
level-matched states with real {iii ,w k , a), by using lmx(v ) < for v G C. 



To see it, let us first remove the prefactor ]~f 



K u Vj-v+ 

J=l Ui-V 



i(s-2) 



from Q by a gauge transformation, 



and consider the quantities inside the square brackets in ( |B.12| ). We find that (Q, Q) do not 
have zeroes from the following observations: 




< l (tie 



< 1 (v G 



Their apparent poles at v = wi can be removed again by a gauge transformation. 



K IU i 



+ia 



k=l 



w k -v 



> 1 (Imv > 0), 



> 1 (Imv < 0). 



(B.14) 



Transfer matrix for orbifold Konishi. Consider the orbifold Konishi state. Since K 11 
K m = 0, it satisfies 



2k) 



(B.15) 



k=l 



where [s] q is the q- number ( |A.9| ). The difference equations (gg), ( |B~TD|) have the solutionQ 

e agv _ 1 



1 

U 3 



U 2 = — = e agv/2 



M„ 



2i sin a 



{a ^ 7rZ). 



(B.16) 



18 Linear difference equations can be soived by e.g. Fourier transform. 
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We added a constant to M p to keep the limit a — > non-singular. In summary, the asymptotic 
Q-functions for the orbifold Konishi state are given by 



7c B 

-T>[+S] »[-«] 



p[+s] _ g aO+is) (-) _ q[+s] j^f[+s+l] ^ p[ _s l = _ e a(gv-is) (+) _ q[" s 1 j^[-s-l] ^ (B.17) 



and the corresponding T ls are 



<r>[+ s ] »[- s l <r>[+ s l »[- s l 

(-) r„i (+) , r„ 11 H (+) 



T 1>s = <f | [ a + 1], - [s) q --L - [ S ) q -m. + [s _ 1]q - - | . (B.18) 
Finally, we define the L-functions as the solution of the A\ TQ-relations, 

Ql,S-l _ Ql,S ^1,8-1 = ^1,3-1 -^IjS > Ql,S-l ^1,8 ~~ Ql,3 ^l|s-l = Ql.^-l -^1,8 ) 

(T^Q^^^^ (B.19) 
which yields 



U+4 = e^+^J [ 1 + 'TVT' - 2 cos a 



-7? [+8] ^[8-2] -p[s-2]- 

(-) (") o „ (-) 



-r>L+8] -J? [8-2] -p[s-2] 

/,c (+) 

/ »[-*] w[2-s] »[2-8] \ 

L = e y ^ 9 MH — o1 - 2 cos a „ , • (B.20) 
V °H °(-) / 

It also follows that 

^o,8 T 2>s = T 1)8 T x ~ — Ti )S _i Ti jS+ i = L^ s L l s . (B.21) 

Here is a caution for numerical computation. The Wronskian formulae can be numerically 
unstable at large \v\ due to the cancellation of two vectors (Q,P) ~ (Q,P). To avoid this 
problem we should use the analytic expression like ( |B.18[ ) instead of the Wronskian form ( |B.11| ) . 



This remark also applies to the L-functions ( B.20|) . 



Symmetry in A\ TQ-relations. The first line of ( [H. 19| ) is invariant under the holomorphic 
gauge transformation, 

T\, s g\" s] gt ] Ti, s , Ql, s g^O^., Q M -»- gt ] Ql, (B.22) 

provided that the L-functions transform as 

Lt s g [ r 1] gt 1] Lf, , L u -+ g [ r +1] g [ r- 1] L- u . (B.23) 
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The TQ-relations are also invariant under the anti-holomorphic transformation, 

T hs g^ s] gt ] T hs , QL -> ^QL, QL i?l +s] Qi, s , (B.24) 



although it spoils the translational invariance of Q-functions, namely the second line of (p.!9|) . 



The combination of two transformations ( |B.22j ), ( [B.24] ) generates a symmetry group larger than 



the usual gauge transformation of T-functions. 

The F-functions and the variables (b s , b s ) are invariant under both transformations: 

1 + b s = w -jr, l + b s = —j— -±- ■ (B.25) 

Vl s-l 1,8 Vl,s-1 "^l.S 



However (b s , b s ) are not invariant under the frame rotation [67 



n =G vy' v 5 ') =G v 5 ) , G+ = G ' GeSL(2X) - (R26) 

This transformation do not change Wronskians T, L, L, but it acts on (b s , b s ) in a non-linear 
way. As a result, the Ai NLIEs before and after the transformation are related in a complicated 
way. 



C Derivations 

We derive our claims in Section |3|. 

C.l Derivation of A\ NLIE with source terms 

Below we generalize the derivation of A\ NLIE |T3 assuming that T, L, Q-functions have zeroes 



in the complex plane as 

Tx, s (t s , n ) = Ti, s (Vn) = Q{q n ) = Q{q n ) = HQ = L(Q = 0, 

{ts,n > Qn > @-n\ G An— l,n > {^s,— n i Qn ' G n,— n+1 j ^ !)• (^-'■^) 



The Ai TQ-relations ( B.19|) suggest to study the following two variables: 

Q ls - 1] i£ r Q [s+1] r w 



l + b. 



1 + t>s = _r ' 7i , b s = _r ' 7i • (C.2) 

g[8-l] L [ ' H g[8-i] L [ s ^ 

Our goal is to deduce the equation of the form log b s = log(l + b s ) *Kf + . . . by taking Fourier 
transform of the logarithmic derivative of these equations. See Appendix |A] for notation. 
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As a warm-up, consider the T-system at (1, s — 1) 



dl [T+^T^J = dl [(l+Vi)I [+sl I h 
When Ti jS _i(t>) has zeroes inside the strip .4.-1,1 , we find the relations:^ 

dlT+ s _! = / tfo' e^'"^ d v , logT^v') = D k { dlT hs _ t - 2m e ikt °~^ ) , D k = e" 



dlT l,s-l 



dv e 



d v , logT 1)S _i(^) = -D fc 1 \ dlT ltS ^ + 27rie^- 1 - 1 [> . 



The equation ( |C.3| ) becomes 



dlT h 



s-l 



dl 



where §k = 1/ (-Dfc + -D 



-1\ 



The relations ( |C.4[ ) can be generalized to the Q- and L-functions (see Figure 

n 

dlQ [r+n] = D n k dlQ [r] - 2m D r k +n e lh9r+J , 

3=1 



dlQ [r ~ n] = D~ n dlQ [r] + 2m D r - n ^ e lkq 



r — n+j 



3 = 1 



dlQ 1 



-r—n] 



D k n dlQ [ - r] + 2m D k r ~ n e ikqr+] 



i=i 



dlQ hT+n] 



Dl dlQ [ - r] - 2m D k r+n e ikqr - n 

3=1 



with r, n G Z>i . By taking the limit n — )■ oo, we findF ! 



oo 

d/Q[+ s l = +2tu £>£ V e ife<?s +* for Re k > 0, (if lim £>r n d/Q[ r+n l o) 



n=l 



(C.3) 



(C.4) 



1 + Fi, s _i) L [+s] L l s] ] s K + 2m [D k e***- 1 - 1 - D fc 1 e***- 1 -" 1 ] . (C.5) 



(C.6) 



d/Q [ s] = -2mD k s \"e ikq °+" forRefc<0, (if lim D2 dlQ [ r n] ->• oV (C.7) 



n=l 



Important lemma. In order to derive the NLIE of gauge-invariant variables, it is important 
to look for a combination of 1 + b s , 1 + b s which do not depend on T\ s . The answer is 



1 + b- Q[- 2 lQ[+']L l 



19 Ti :S _i should not have branch cuts on the real axis, which is asymptotically true for twisted AdSs x S 5 . 
20 We can derive (|C.7D also by assuming that Q or Q are meromorphic in the upper or lower half plane. 
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Zeroes of Q [+s] (v) Zeroes of Q [ s] (v) 



i/g * i/g 



a l ~ s] X a [+s] X 



*• x -i/p X -i/g 



Figure 2: Zeroes of Q^ +S ^(v) and Notice that when Q(v) has a zero at v — q s+ i G A StS+ \ 

as in (|3.6|) , the shifted function Q' +S '(f ) has a zero at t> = ql + s } G *4.o,i • 



We then assume that 

2 ' and are meromorphic in the upper half plane, 
Q^ 2 ^ and i) s ^ are meromorphic in the lower half plane. (C.9) 

These assumptions are realistic, because Q(v),L(v + ~) do not have branch cuts for Imt> > 
and s > 3 in our setup. By applying dl on both sides of (|C.8|) , we obtain 

^q[s-2]q[+s] _ jj- s ~\ 

dlX s = 2ni Res dl —r—, h dl — f — ; — ^ — r , (Re A; > 0), 

uhp £ [+s] Q M Q [ 

-0^0^ - L hs] 

dlX s =dl- — ^ + 27riRes dl _,_ . , (Re£;<0). (CIO) 

LH P gl s Jgl 2 S J 

where Res uhp and ResLHP collect the residues in the upper and lower half planes, respectively. 
By using ( |CITq ) and dlf = 6(+k) dlf + 6(-k) dlf, we obtain 

dl — JJ+J] — = +^( — k) dlX s + 27ii Res dlX s , 

dl ^ _* — = -6(+k)dlX s + 2mRes dlX s , (C.ll) 

^0[»-2W+«] ~Q [ ~ s] Q l2 ~ s] 
Res c2Z£ s = 0(+fc) Res dl ^ rrj 7 — + 0(-fc) Res tfl - _ r _ . — , (C.12) 
uhp ^ [+SJ lhp l s] 

The last term can be computed explicitly with the help of ( p.7|) as 

{oo oo oo 

D{ e ikqs+n + D s k ~ 2 J2 e ikq °- 2+n - D s k ^ e iM ° +n 
n=l n=l n=l 

( oo oo 

+ 0(—k) I -d- s e ^ s+n - D k 3+2 Yl eiklis - 2+n + D k s Yl eikIs+n \ ■ ( c - 13 ) 



n=l n=l n=l 
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NLIE for b s . In order to derive the A\ NLIE with source terms, consider dlb s in ( |C.2| ), 
dlb s = dlQ [s+1] + dlTi jS ^ - dl~Q [1 ~ s] - dlL [s+1] , 

= D\ { dlQ [s ' 1] - dlL [s] s K } - | dlQ [1 ~ s] - dlL hs] s K } + dl(l + Y^) s K 

- 2m D s k +1 [e ikqs+1 + e ikqa - e iMs+1 ] + 2m [D k e m °-^ - D' 1 e***- 1 -- 1 ] s K . (C.14) 

To rewrite the quantities in the curly brackets, we use X s in ( |U.8| ). With the help of the 
formulae ( |C.11| ) and 

dl [Q [s - 2] Q [+s] ] = (D k + D^) dlQl'-y + 2m [D s k - 2 e 1 ^- 1 - D s k e ikq °] , 



Q [2 - S] Q [ - S] ' 



(D k + D k 1 ) dlQ [1 SJ - 2m [Dl- s e ikq *-i - D k s e ikq *] 



(C.15) 



dl 

we obtain 

dlb s = {D 2 k 6(-k) + 6{k)} s K dlX s + dl{l + Y 1>8 -i) s K + 2m (D 2 k - 1) s^Res dlX s 
+ 2m [-D s k e^- 1 - D s k e ikqs - D 2 k s e ikq ^ + D k s e ikq °] s K 
- 2m D s k +1 [e ikqs+1 - e ik£s+1 ] + 2m [D k e iHs -^ - D k l e ***-i.-i] § K . (C.16) 
Since we want an equation of the form dlb s = dl(l + b s )Kf + . . . , we rewrite dlX s as 



dlX s = D k x dl(l + b a ) - D k dl{l + b s ) + 2m Res dl 1 + \ , 

1 + b„ 



(C.17) 



Res dl 



1 + 5 

i + F. 



+ e 



ikq l s 



s+2] 



_ p ikq l + a] _ Akl [ s 



+ e 



+ e 



{+»] 



The last line is the collection of the residues of dl(l + b s ) inside -4-1,0 and dl(l + b s ) inside 
Ao t i with appropriate shift. 

In summary, Fourier transform of the derivative of A± NLIE with the source term is 



dlb« 



-FT (J' a ) +dl(l + b s )kf -dl{l + b s )ky 2] +dl(l + F 1)S _!) s K 



{C.tt 



where Kf = {D k 6(—k) + D k 1 6(k)} sk is the Fourier transform of the kernel Kf , and 

FT ( V\ 1 4- fi~ 

^ = D k K f Res dl —^r + (Dl - 1) s K Res dlX s 

2m i + b + 

+ [-D' k e^" 1 - e ikqs - D 2 ~ s e ikq ^ + D k s e lkq °] s K 

- D s k +l [e ikq ° +1 - e iMa+1 ] + [D k e m -^ - D k l e ttt -i.-i] . (C.19) 

Here Res dlX s is given in ( |C.13|) , and it consists of infinitely many terms. To obtain (|2.7p , 
we have to apply the inverse Fourier transform and integrate with respect to The inverse 
Fourier transform of (U.19) is remarkably simple and given by ( ^.7| ). The integration constants 
can be fixed by consideration of the limit v — > ±oo. 



The formulae (|A.8|) are useful for this computation. 



23 



Case of orbifold Konishi state. Let us check if the above results are consistent with the 
source terms of A\ NLIE for orbifold Konishi state discussed in Section |2.3| . As for the asymp- 
totic orbifold Konishi state, Q^ S ~ 2 \L^ +S ^ are analytic in the upper half plane and Q s ,L 
are analytic in the lower half plane. We have to take care of the extra zeroes of T-functions 
only. 

Since the A\ NLIE is written in terms of (o s , a s ) = (bl~ 7 ^, b s +7 ) we have to modify slightly 



the derivation. In (|C.14|) we applied dl to the definition of b s . If we use a s = b[ 7 ', we obtain 

(C.20) 



dla s = dlb [ r 7] = D~~< 



dl b s + 2ni e 



ikt 



s — 1, — 7 



Actually we may neglect the residue term. After the inverse Fourier transform, it becomes a 
5-function, whose integration is just a constant. There is another reason why we do not have 
to take care of the extra zeroes of Ti iS _i : the rapidity of Y s _i\ w in ( |2.7p , fl2.8|) is not shifted at 
all. 

An important modification occurs at the equation ( |C.17|) , which changes as 



~ 1 4- a M+7] 

dlX s = D k l+1 dl{l + a s ) -D 1 ' 1 dl{l + a s ) + 2™ Res dl , (C.21) 

1 + ay 7J 

Now the last term is the collection of the residues of dl(l + a s ) inside «4_i+ 7i o and dl(l + a s ) 
inside ^4o,i_ 7 with appropriate shift. Since both (1 + a!r 1+7] ) and (1 + a^ 71 ) are proportional 
to T l s , this means that the extra zeroes of T l s inside the strip v 4_i +7i i_ 7 contribute to the 
source term ( |C19|) . The rest of the derivation goes without any change. 

One can see that this conclusion is consistent with the critical behavior observed in ( |2.2(J| ), 



C.2 Contour deformation for A\ NLIE 

We collect the residues when we straighten the deformed contour of the NLIE in the presence 
of extra zeroes ( |3.6| ). To simplify the discussion we remove the regulator 7 by taking the limit 
7< 1. Then, the holomorphic part of A\ NLIE for the ground state (J s = j s ) takes the form 

log b s = -J s + log(l + b s ) *K f - log(l + b a ) * K [ / 2 - 0] + log(l + F S _ 2 | W ) * s K , (C.22) 

where the variables in the right hand side are defined by 

Asymptotically Q, L^ +2 ^ have no branch cuts in the upper half plane, Q, L have no branch 
cuts in the lower half plane, excluding the real axis. Thus, at best we can pull the integration 
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contour of (1 + b s ), (1 + b s ) up to Imv = ±(s — l)/g and that of (1 + K-2|w) U P to ±(s — 2)/g. 
Around the imaginary axis we can further deform them toward ±oo. Our choice of deformed 
contour is depicted in Figure |I[ This contour can pick up all zeroes of T, L, Q-functions inside 
the strip ^4_ s+1)0 or A- s+ 2,o ■ Recalling our notation (|3.6|), we findQ 

s-2 s-1 

Sf(v ~ t- x ) US f (v- t-_,) J] S f (v - qf~ s] 



log(l + b.) * K f -+ +1oe 



3=1 



3=1 



2s-2 



s+1 



n^-^ i] )n^/ 



u — 



j=s 



3=3 



log(l + b s )*isT J - lot 



s 2s-2 
j=2 j=s 



s-1 



n<^-^~ l] ) n 



log(l + * -> + log 



s—l s—3 

n 5(« - *+!,_,.) • 5(« - n s ^ v - ci, 

3=2 3=1 

3=3 3=s+l 



(C.24) 



We assume that all roots t s _ n (n > 1) lie along the imaginary axis, as they do for the orbifold 
Konishi state at weak coupling. Since the deformed contour pick up the corresponding residues, 
we can replace the upper bound of the product of S-matrices with t s _ n , i s _i _ n by oo. 

After straightening the contour and using S + S~ = 1 and Sj Sj' = Si , the source term J s 
in ( |C.22| ) becomes 



J? BT = Js - log [S f (v - tj tl ) S f (v - - log [S(v - t~ i,i) S(v - 



- log 



3=1 

2s-2 



2s 



n ^-r 11 ) 



j=s+2 



j=s j=3 j=3 



2s-2 



3=3+1 



(C.25) 
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